Using self-consistent eld theory in spherical unit cells of various dimensionality, D = 1, 2, 3, and 4, we calculate phase diagram of a diblock, A-b-B, copolymer melt in 4-dimensional space, d = 4. The phase diagram is parameterized by the chain composition, f , and incompatibility between A and B, quantied by the product χN . We predict 4 stable nanophases: layers, cylinders, 3D spherical cells, and 4D spherical cells. We also calculate orderdisorder and orderorder transition lines. In the strong segregation limit, that is for large χN , the orderorder transition compositions are determined by the strong segregation theory in its simplest form, for D = 1, 2, 3, and 4.
Introduction
It is known that dimension, d, of a polymer system can play a signicant and illuminating role. For example, single polymer chain in good solvent has the scaling properties of the self-avoiding walk (SAW) with the squared end-to-end distance varying as R 2 ∼ N 2ν , where ν ≈ 0.588 for large N (often approximated as 0.6) for d = 3 [1] , and N is the degree of polymerization (number of segments). This is a strongly uctuating system which cannot be treated successfully by the mean-eld (MF) approach. However, as d is increased to 4, and higher dimensions, the excluded volume interactions become a relatively small perturbation and the exponent ν becomes 1/2 which is characteristic for free random walks
(not self-avoiding) and free diusion. Following Flory's idea it can be shown [1] , in a simple analysis, that interactions, resulting in scaling exponent ν = 1/2, is known as Flory's theorem and is well established for d = 3 [1] . The uctuations are small, unlike in simple uids in 3d, because the environment is uniform and the coordination number, varying as √ N , is large for long polymer chains [2] . While MF works remarkably well for most conditions, there are some exceptions, for example the composition uctuations for homopolymer blends (vicinity of the macrophase separation) and for copolymer melts (near the orderdisorder transition). * corresponding author; e-mail: mbanasz@amu.edu.pl Diblock copolymer (DBC),
A-b-B, melts can self-assemble in
3d into various spatially-ordered nanophases, such as layers, L, hexagonally packed cylinders, C, gyroid nanostructures, G, with the Ia3d symmetry, and cubically packed (either body-centered or closely packed) spherical cells S, depending on the chain composition, f (f is the fraction of A-segments; 1 − f is the fraction of B-segments), degree of polymerization (number of segments), N , and the temperature-related χ parameter [2, 3] . Recently, an additional O 70 -phase has been reported [4, 5] , but it is stable in a very small region of the phase diagram. Those nanophases can be transformed into a disordered phase, for example, upon heating. It is of great interest to determine a phase diagram of such melts exhibiting orderdisorder transition (ODT) lines, also referred to as binodals of microphase separation transition (MST), and orderorder transition (OOT) lines. This task has been largely achieved for 3-dimensional (bulk) diblock melts by accumulating results from numerous experimental and theoretical studies [613] , also for 2d diblock copolymer melts [14] .
The L, C, and S nanophases are known as classical, whereas G and O 70 cubic nanophases are referred to as non-classical, or sometimes complex. The Wigner Seitz cell of a classical phase can be approximated by D-dimensional sphere, S D , both in the real r-space and the reciprocal k-space.
Within this approximation, known as unit cell approximation (UCA), the L, C, S nanophases correspond to S 1 , S 2 , and S 3 , respectively, and the spacial distribution of chain segments can be mapped with a single radial variable, r, as shown in Table I . The classical phases can be easily generalized to higher dimensions, in particular for d = 4 we have 4 nanophases S D , with dimensionality, D, ranging from 1 to 4. For d = 3 the non-classical phases are known to be stable in the vicinity of the ODT lines. Whether they are stable away from the ODT, in the strong segregation regime, is not entirely clear.
There is some evidence that the G phase can exist up to a very strong segregation [15, 16] 
Before we consider the d = 4 case, it may be useful to confront the d = 2 and d = 3 cases. For d = 2 the S 1 and S 2 nanophases are observed, and the non-classical phases cannot be formed, probably due to topological constraints, in this dimension. For d = 3, as already mentioned, the S 1 , S 2 , S 3 and non-classical nanophases are Therefore, it might be interesting and relevant to investigate the higher-d phase behavior of copolymer melts. In this study, we do not limit d to 1, 2, and 3, but consider formally an arbitrary d, and d = 4 in particular. Thus, in addition to S 1 , S 2 , and S 3 nanophases, we consider the S 4 nanophase, and its thermodynamic stability.
It is interesting that a MF theory applied to copolymer melts [9, 17, 18] , known as the self-consistent eld theory (SCFT), is successful in predicting diblock phase diagrams resembling the experimental ones, as shown, for example, in Ref. [19] . The SCFT approach is based on the assumption that coarse-grained polymer chains in dense melts are Gaussian (already mentioned as Flory's theorem [1] ), and on the MF approximation which selects the dominant contribution in the appropriate partition function, thus neglecting uctuations. The SCFT can be applied to a variety of diblock copolymer phenomena, for example Cheng et al. [20] have studied the nucleation of ordered phases and the minimum energy paths.
Moreover, the diblock copolymers in selective solvent [21, 22] and diblock semiexible copolymers [23] have also been studied recently via SCFT. Another important SCFT work focuses on diblock copolymers with amphiphilic segments [24] and the cooperative assembly of mixtures of two types of diblocks [25] .
It may be worth to reiterate that, despite a considerable success of the SCFT, the uctuations can also play a signicant role in determining the phase diagram of DBC melt for d = 3. For example, Fredrickson and Helfand [26] showed that Leibler's phase diagram [6] (based on 4th
order MF free energy expansion into small composition variations in the Fourier space) can be considerably modied by the one-loop approximation of Brazovskii [27] .
Similarly Fredrickson and co-workers show, in eld simulations [12] , that inclusion of uctuations signicantly improves the overall agreement of theory with experiment. In particular, those simulations [12] show a direct transition from disordered phase to C and G nanophases like in experiment [19] and particle Monte Carlo simulation [28, 29] , but unlike the SCFT phase diagram [9] .
Because, in the MF theories, it is sucient to know the composition, f , and the product χN in order to foresee the nanophase [6, 18, 30] , the diblock phase diagram can be mapped in (χN , f )-plane. The MF theories exist in many variations, both in real space (r-space) [7, 8, 10] and the Fourier space (k-space) [2, 9] . While k-versions of the SCFT are more successful in predicting DBC phase diagram (in particular, the stability of the non-classical G phase [9, 18] ) we limit the scope of this work to an r-version, based on the UCA method. In this approach, the WignerSeitz cell of a periodic nanophase is approximated by a S D -sphere. Eectively, a single radial variable, r, is used, as shown in Matsen [31] , using the spectral method with Anderson mixing, was able to perform the SCFT calculations up to χN = 512000.
In addition, we intend to compare the phase boundaries calculated by the SCFT (and extrapolated to the strong segregation limit, SSL) with the strong segregation theory (SST) for diblock melts, developed by Semenov [32] , in which the free energy of the nanophase has three contributions, the interfacial tension and the stretching energies of the A and B blocks. These energies can be approximated by simple expressions, allowing the calculation of the OOT compositions in the SSL. Matsen and Whitmore [10] compared the extrapolations of the SCFT in the strong segregation limit with the SST results, obtaining a reasonable agreement, but with some discrepancy for the OOT compositions. The SST was modied by Likhtman and Semenov to include appropriate corrections [33] . In the zeroth order, the modied SST is equivalent to the original SST, but the leading correction suggests that the SCFT extrapolation should employ a dierent form of χN dependence in extrapolations, that is (χN ) −1/3 rather than (χN )
Ref. [10] . However, the higher order corrections to the SST may also be important, and this may require another extrapolation dependence for χN in the SSL. Recently, Matsen [31] showed that (χN ) • it is the simplest approach, and the exact scaling is not known,
• the rst order correction, leading to the (χN )
scaling, is observed for much higher values of χN than those used in this study,
• the agreement between the extrapolated SCTF and the SST is not crucial for the main result of this paper,
• the asymptotic agreement of SST and SCFT is very important for consistency reasons, but from the practical point of view, the high values of χN 's, used in testing this consistency, seem to be beyond the physical reach.
The main goal of this paper is to construct a phase diagram of a copolymer melt in 4d applying the SCFT method with the UCA in r-space, as presented in [79] . Specically, we intend to determine the area in (χN , f )--space, in which the S 4 phase is stable, by varying both the radius, R, of the unit cell and the dimensionality, D.
In this work, the following questions are posed: 
) .
The path integral, ∫D r α (· ), is taken over single-chain trajectories, r α (s), with the Wiener measure expressed asDr α = Dr α P [r α ; 0, 1], and
.
Let us note that a is the segment size, and N a 2 is the mean squared end-to-end distance of a Gaussian chain.
By the KacFeynman theorem, Eq. (2) can be related to a FokkerPlanck partial dierential equation [2] , known also as modied diusion equation (MDE) and shown with appropriate details below (Eqs. (16) and (17) 
where δ-function enforces incompressibility (the melt is assumed to be incompressible), and
are the microscopic segments densities of A and B, respectively; ρ 0 = nN/V is the segment number density.
After replacing microscopic segment (or particle) densities with a variety of elds [2, 79] , by inserting and spectrally decomposing the appropriate δ-functionals, the partition function of an incompressible diblock melt is
where N is a normalization factor.
The functional integral is taken over the relevant elds 
Performing the above functional derivatives yields
where Q/V can be calculated as
and q(r, s) is the forward chain propagator which is the solution of the following modied diusion equation:
with the initial condition q(r, 0) = 1. Similarly q † (r, s)
is the backward chain propagator which is the solution of the conjugate modied diusion equation
with the initial condition q † (r, 1) = 1.
While the set of Eqs. (10)(14) can be solved, in principle, in a self-consistent manner, it is dicult to solve it without some additional assumptions. First, we assume that the melt forms a spatially ordered nanophase.
Second, we use the UCA which is a considerable simplication, limiting our attention to a single D-dimensional spherical cell of radius R, and volume V . All elds, within this cell, have radial symmetry, which reduces this problem computationally to a single radial coordinate, r. The unconstrained spatial variables, specied in Table I 
Let us note that the factor, D, in front of the above integral originates from the ratio of the area of a sphere with radius 1 to the volume of a spherical cell with the same radius, both in D dimensions.
While in integrals (Eqs. (13)(15)) we replace r with r, and dr/V with Dr D−1 dr/R D , in the modied diusion Eqs. (16) and (17), we replace r with r and use the spherically symmetric form of the Laplacian
∂f ∂r (19) and similarly, in equations for both propagators q(r, s) and q † (r, s), we replace r with r. Obviously the solution depends on radius, R, and dimensionality, D = 1, 2, 3 and 4, corresponding to 4 dierent nanophases, shown in Table I . We use the CrankNicholson scheme (Appendix A) to solve iteratively the modied diusion equations (Eqs. (16) and (17)) in their radial form, until the self-consistency condition is met, obtaining the saddle point elds, ϕ A (r), ϕ B (r), W A (r) and W B (r) for a given R and D. In the MF approximation, the free energy functional becomes the free energy, and therefore we calculate the reduced free energy (per chain in k B T units) by substituting the saddle point elds into Eq. (8):
Results and discussion
Since in the MF theory, the stability of a nanophase depends on the product χN and composition, f , we start, at a given point of the phase diagram (χN , f ), with numerical calculation of F (R, D) (Eq. (20)) for numerous D's (1, 2, 3, and 4) and R's. In order to solve the MDE's (Eqs. (16) and (17) Numerically, we nd R and D which minimize F (R, D), and this allows us to determine the dimensionality, D, of the most stable nanophase, and therefore the most favorable nanophase itself, using the correspondence from Table I . But the free energy of this nanophase has to be compared to that of the disordered phase. Therefore, we calculate the dierence
where F dis is the free energy of the disordered phase and disordered phase is the ODT (binodal) line; the corresponding data for those lines is presented in Table II (note that due to the mirror symmetry, f 's are taken from 0 to 0.5). A new nanophase, S 4 , is observed in a relatively narrow strip between the S 3 phase and disordered phase, which is the main dierence between the 4d and 3d DBC phase diagrams. We extrapolate the calculated OOT lines, f L/C , f C/S3 , f S3/S4 , to the strong segregation limit, that is we estimate them as χN → ∞ (or 1/(χN ) → 0), tting to the following function:
as used in Ref. [10] , and to
as used in Ref. [33] . Unfortunately, we cannot nd the UCA, for f L/C and f C/S3 is within 2% error, as also reported in [10] . However, this discrepancy for f S3/S4 is about 10%. It seems that in order to increase the accuracy of the extrapolations, one should perform the SCFT calculations for higher χN 's, but this may require a 4d extension of the method developed by Matsen [11, 16] and the SST with corrections. We also compare f L/C and f C/S3 with the full SCFT (as presented in Ref. [10] ), that is without using the UCA, and the overall agreement is again within 2% error.
While spinodals for the ODT calculated with random--phase approximation (RPA) [6] are the same for d = 2, 3, and 4, the binodals (the ODT lines), calculated in this work, depend on d as shown in Fig. 2 . The binodals Table III . We nd that the S 4 nanophase is stable in a narrow strip between ordered S 3 nanophase and the disordered phase. The calculated binodals (ODT lines) depend weakly on d. 
where i = 1, 2, . . . , N R , and n = 1, 2, . . . , N T . Using numerical form of derivatives we can write the MDE (this is for the forward propagator from 0 to f , but other propagators can be written similarly) as
which can be rewritten in a trigonal matrix form
where
) , 
A = N a 2 ∆s 6(∆r) 2 .
Equation (26) can be eectively solved (for q n+1 ) by upper-lower decomposition of the trigonal matrix [2, 34] .
Appendix B
The SST for diblock melts was developed by Semenov [32] , and later modied by Likhtman and Semenov [33] to include corrections, but we use it without corrections (zeroth order), as presented by Matsen in Refs. [17, 35] , with the following expression for the free energy per chain:
where the rst term is the stretching energy of the A--block, the second term is the stretching energy of the B-block, the third term is the interfacial energy in strong segregation.
The A-segments are distributed in the spherical core of radius R I = f 1/D R, the interface is sharply localized at r = R I , and the B-segments can be found in the spherical layer from r = R I to R. We calculate the coecients, α A , α B , and β, for an arbitrary dimensionality, D, by a straightforward generalization of the approach presented in [35] :
Those coecients reduce to expressions presented in Ref. [35] for L, C, and S 3 , corresponding to D = 1, 2, and 3, respectively. By minimizing Eq. (30) with respect to R we obtain the equilibrium R which depends both on f and D:
and the minimum free energy is
The phase boundaries can be calculated as f L/C = (8 + 4 √ 2)/48 ≈ 0.284517, (36) f C/S3 ≈ 0.117192,
f S3/S4 ≈ 0.0335796,
and additionally (detailed calculations for d = 5 we present in Ref. [36] )
f S4/S5 ≈ 0.000183905.
The numerical values in Eqs. (38) and (39), and coe-cients α A , α B , and β for an arbitrary D (Eqs. (31)(33) ), are reported, to our knowledge, for the rst time. It is worth to notice that the phase boundaries, f L/C , f C/S3 , and f S3/S4 , do not depend on numerical prefactors such as 3π/8 (in Eqs. (31) and (32)) and 1/ √ 6 (in Eq. (33)).
